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Abstract
The Aharonov–Bohm effect on the noncommutative plane is considered. Developing the path integral formulation of quantum
mechanics, we find the propagation amplitude for a particle in a noncommutative space. We show that the corresponding shift
in the phase of the particle propagator due to the magnetic field of a thin solenoid receives certain gauge invariant corrections
because of the noncommutativity. Evaluating the numerical value for this correction, an upper bound for the noncommutativity
parameter is obtained.
 2002 Published by Elsevier Science B.V.
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1. Introduction
Besides the string theory interests [1], recently the-
ories on noncommutative space–time have received a
lot of attention. In this way both problems of quan-
tum mechanics (QM) and field theories on noncom-
mutative spaces have their own excitements; for the
QM side see [2–4]. Inferred from the string theory,
where noncommutative geometry appears naturally in
theories with antisymmetric background tensor, the
noncommutative space–time (but with commutative
momenta) can be realized as a space where coordinate
and momentum operators satisfy the commutation re-
lations[
xˆµ, xˆν
]= iθµν, [pˆµ, pˆν]= 0,
E-mail address: chaichia@pcu.helsinki.fi (M. Chaichian).
(1.1)[xˆµ, pˆν]= ih¯δµν.
Here θµν is an antisymmetric tensor of dimension
of (length)2. Also from general arguments based on
QM and classical gravity, one can deduce the inher-
ent noncommutativity of space–time due to the impos-
sibility of measuring space–time points with infinite
accuracy [5]. We note that a space–time noncommu-
tativity, θ0i = 0, may lead to some problems with uni-
tarity and causality [6,7]. Such problems do not oc-
cur for the QM on a noncommutative space with a
usual (commutative) time coordinate, so we shall as-
sume that there exists a frame in which θ0i = 0 and we
shall restrict ourselves to this particular frame.
Given the noncommutative space (1.1), which is
also a natural extension of the usual QM, one should
study its physical consequences. Comparing these
noncommutative results with the present experimental
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data one can find an upper bound on θ . It appears that
the most natural places to trace the noncommutativity
effects are simple QM systems, such as the hydrogen
atom or systems in external magnetic field [4,8].
The former has been considered in [4] and the shift
in the spectrum, and in particular, the modifications
to Lamb-shift, due to noncommutativity have been
discussed there. As one expects (1.1) breaks the
rotational symmetry of the hydrogen atom spectrum
and as a result we would face a “polarized Lamb-
shift” [4]. In this work we shall study the other system,
the Aharonov–Bohm effect. The physical significance
of the Aharonov–Bohm effect resides in the fact that
it is the place to check the noncommutative gauge
invariance, which is a deformed version of the usual
gauge freedom [1,3,9]. We will come back to this point
later.
In order to study the Aharonov–Bohm effect one
should develop the proper QM setup for the noncom-
mutative case. As the Hilbert space is assumed to be
the same for the commutative case and its noncom-
mutative extension, it is enough to give the Hamil-
tonian. Once we have the Hamiltonian, the dynamics
of the states is given by the usual Schrödinger equa-
tion, H |ψ〉 = ih¯ ∂
∂t
|ψ〉. Because of the noncommuta-
tivity of the coordinates, the coordinate basis does not
exist and the very concept of wave function, 〈x|ψ〉,
fails. However, the usual momentum space description
is still valid.
To handle the NCQM, one can also use a more
unusual approach to QM, using the operator valued
“wave functions”. In the usual QM because of the
Weyl–Moyal correspondence [3,9] there is a one-to-
one correspondence between such operators and the
usual wave functions so that the usual algebra of
the functions is now applicable to them. However, in
the noncommutative case, instead of the usual product
between functions, the Weyl–Moyal correspondence
yields the -product:
(f  g)(x)
= exp
{
i
2
θµν∂xµ∂yν
}
f (x)g(y)
∣∣∣∣
x=y
(1.2)= f (x)g(x)+ i
2
θµν∂µf ∂νg +O
(
θ2
)
,
between the “wave functions”. We should remind that,
although always a function corresponds to any opera-
tor valued wave function, the argument of these func-
tions cannot be treated as the space coordinates. Ac-
cording to this point of view the probability ampli-
tudes are given by the square of the norm of the op-
erator valued wave functions.
Having discussed the NCQM kinematics, we should
then give the proper Hamiltonian for the noncommuta-
tive systems. As in the usual QM, this can be done us-
ing the nonrelativistic limit of the corresponding field
theory. The difference between the commutative and
noncommutative field theories are only in the interac-
tion terms1 [9,10], and this will lead to some new θ de-
pendent interaction potentials. For the electromagnetic
interactions the corresponding field theory is NCQED.
As discussed in [4,9] for the electromagnetic interac-
tion the extra θ dependence of the Hamiltonian, in the
first order in θ , always can be obtained assigning an
electric dipole moment,
(1.3)die =
e
2h¯
θ ij pj ,
to the charged particle. This can be understood intu-
itively noting that f (x)  g(x)= f (xi + i2θij ∂j )g(x).
Since we believe that the effect of noncommutativity
in nature, if it is there, should be very small, one can
trust the perturbation in θ .
It turns out that to study the Aharonov–Bohm effect
it is more convenient to formulate the problem via path
integral. So, first we construct the proper definition
of the path integral and transition amplitude in the
noncommutative case and then we evaluate the extra
shift in the Aharonov–Bohm experiment interference
pattern which comes about due to noncommutativity
in the quasi classical approximation, i.e., leading
order in h¯ and first order in θ .
2. Aharonov–Bohm effect on a noncommutative
plane
The Aharonov–Bohm effect concerns the shift of
the interference pattern in the double-slit experiment,
due to the presence of a thin long solenoid put just
between the two slits [12]. Although the magnetic
1 Of course this is not quite true, and for the field theories on
noncommutative spaces with nontrivial topology, such as cylinder
and torus, one should treat the problem more carefully [17].
M. Chaichian et al. / Physics Letters B 527 (2002) 149–154 151
field B is present only inside the solenoid, the cor-
responding Schrödinger equation depends explicitly
on the magnetic potential A (nonvanishing outside the
solenoid). Therefore, the wave function depends on A
and consequently the interference pattern shifts. The
shift in the phase of the particles propagator, δφ0, is
gauge invariant itself and can be expressed in nonlo-
cal terms of B . In the quasi-classical approximation,
δφ0 = eh¯cΦ , where Φ = Bπρ2 is the magnetic flux
through the solenoid of radius ρ. This effect has been
confirmed experimentally [13].
Below, we present the quasi-classical approach to
the Aharonov–Bohm effect on a NC-plane for a thin,
but of finite radius solenoid. However, first we need to
formulate a noncommutative path integral.
Since the very concept of the wave function in the
noncommutative case is a problematic one, in order
to study the noncommutative Aharonov–Bohm effect,
first we present the noncommutative formulation of
path integral QM.2 Then, by means of path integrals,
we find the propagator and hence the desired noncom-
mutative corrections to the Aharonov–Bohm phase.
The Hilbert space H of quantum mechanics on a
noncommutative space is formed by the normalizable
functions Ψ (x) with finite norm, belonging to a
noncommutative algebra of functions A on R2. The
wave function is an element from H, normalized to
unity. However, we remind that wave functions are
just symbols; the physical meaning is contained only
in some smeared values of them, e.g., by a coherent
state [11]. In A, we can introduce the scalar product
as:
(ψ,φ)=
∫
d3x ψ¯(x)  φ(x)
=
∫
d3x ψ¯(x)φ(x)
(2.1)=
∫
d3k ¯˜ψ(k)φ˜(k),
where ψ˜(k) and φ˜(k) are the corresponding Fourier
transforms. Here, we have used the well-known fact
that in the integrals containing as integrand a -product
of two functions, their -product can be replaced by a
standard one. The operators Pi and Xi acting inH and
2 The path integral formulation of a q-deformed harmonic
oscillator was investigated in [14,15].
satisfying the commutation relations (1.1) are given as:
PiΨ (x)=−i∂iΨ (x), XiΨ (x)= xi  Ψ (x).
(2.2)
Along the arguments of [4], the problem of a particle
moving in an external magnetic field on a noncommu-
tative plane is specified by the Hamiltonian:
H = 1
2
(Pi +Ai)2
(2.3)= 1
2
(Pi +Ai)  (Pi +Ai).
We note that the transition amplitude (Ψf , e−iHtΨi)
is invariant under the noncommutative gauge transfor-
mations defined by
Ψ (x)→U(x)  Ψ (x),
Ai(x)→U(x)  Ai(x)  U−1(x)− iU(x)  ∂iU−1(x)
where U(x) ≡ (e )iλ(x), for real functions λ(x), and
the (e ) is defined by the usual Taylor expansion,
with all products of λ’s replaced by the  ones.
Then, one can easily show that U−1 = (e )−iλ(x)
satisfies U−1  U = 1. We point out the non-Abelian
character of the above gauge transformations, due to
the noncommutativity of the space. Consequently, the
field strength is given by a non-Abelian formula, too:
(2.4)Fij (x)= ∂[iAj ](x)+ (A[i  Aj ])(x).
Moreover, one can easily see that
(2.5)Pi +Ai → U(x)  (Pi +Ai)  U−1(x).
In quantum mechanics, the exponents of the opera-
tors (e.g., e−iHt ) often do not correspond to local oper-
ators. However, they can be conveniently represented
by bi-local kernels. This is true in the noncommutative
frame, also. It can be easily seen that to any operator
K = K(Pi,Xi) = K(−i∂i, xi), cf. (2.2), we can as-
sign a kernel (a bi-local symbol) K(x, y) ∈ A ⊗ A,
defined by:
(2.6)K(x, y)=
∫
d3q
(2π)3
(
Keiqx
)
e−iqy
(we omit the symbol⊗ for the direct product). We note
that straightforwardly the -product defined between
two functions (Weyl symbols) can be generalized to
the kernels which are functions in two variables. The
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action of K in terms of kernel is
(KΦ)(x)=
∫
d3yK(x, y)  Φ(y)
=
∫
d3yK(x, y)Φ(y).
For a product of two operators, one can use either the
standard formula for the kernel composition
(GK)(x, y)=
∫
d3zG(x, z) K(z, y)
(2.7)=
∫
d3zG(x, z)K(z, y)
or use the formula
(2.8)(GK)(x, y)=
∫
d3q
(2π)3
(
Geiqx
)(
K†eiqy
)
.
The proof of (2.8) is straightforward.
The kernel corresponding to the operator e−iHt will
be denoted by Kt (x, y) and called propagator:
(2.9)Kt (x, y)=
∫
d3q
(2π)3
(
e−iHteiqx
)
e−iqy.
From the product formula (2.7) and the identity
e−iHt1e−iHt2 = e−iH(t1+t2), the usual composition law
follows:
(2.10)Kt1+t2(x, y)=
∫
d3zKt1(x, z)Kt2(z, y).
Iterating this formula N times and taking the limit
N →∞, we arrive by standard arguments at the path
integral representation of the propagator:
Kt (x, y)
= lim
N→∞
∫
d3xN−1 · · ·d3x1
(2.11)×K+(x, xN−1) · · ·K+(x2, x1)K+(x1, y),
with + = t/N . We stress that there is no need to use
-product between two K+ ’s.
The formula for the gauge transformation of the
propagator follows directly from Eq. (2.5). In fact, (2.5)
implies:
(2.12)e−iHt →U(x)  e−iHt  U−1(x)
(as operators), so that
Kt (x, y)
→ U(x)  e−iHt  U−1(y)
=
∫
d3q
(2π)3
(
eiλ 
(
e−iHteiqx
))

(
eiλeiqy
)
(2.13)=U(x) Kt (x, y)  U−1(y).
This is exactly the expected formula (here, the
-product cannot be omitted).
As the next step, we shall calculate the short-time
propagatorK+(x, y) entering (2.11) to first orders in +
and θ . Using the Hamiltonian (2.3) and (2.9) we have
K+(x, y)
=
∫
d3p
(2π)3
([
1− i+
2
(Pi +Ai)2 + · · ·
]
eipx
)
e−ipy
=
∫
d3p
(2π)3
eip(x−y)−i+He(p,x¯),
where x¯ = 12 (x+y) and the effective Hamiltonian,He,
is given as:3
He ∼= 12
(
Πi +Ai(x¯)
)2
,
(2.14)Πi = pi − 12θjk
(
∂jAi(x¯)
)
pk.
The symbol ∼= means equality in the first order in +
and θ . The above effective Hamiltonian can also be
obtained if we assign an electric dipole moment,
Eq. (1.3), to electron. Performing the d3p integration,
we obtain the effective Lagrangian:
L∼= 12ViVi − ViAi(x¯),
(2.15)Vi = vi + 12θji∂jAk(x¯)vk.
The formula for K+(x, y) then reads:
(2.16)K+(x, y)∼= ei
∫
dtL(x¯(t ), ˙¯x(t)),
with the effective action calculated for a linear path,
starting at xi(0) = xi and terminating at xi(+) = yi ,
i.e., vi = (yi − xi)/+ and Ai(x¯) = Ai
( x+y
2
)
. Up to
terms linear in θ , the Lagrangian, with all physical
constants included, becomes:
L= L0 − em4h¯c θ ·
[
vi
(v × ∇Ai)− e
mc
vi
( A× ∇Ai)
]
,
(2.17)
3 We note that A A=A2 +O(θ2).
M. Chaichian et al. / Physics Letters B 527 (2002) 149–154 153
where L0 = m2 v2 − ec v · A and the vector θ is defined
as θi = +ijkθjk . Thus, the total shift of phase for
the Aharonov–Bohm effect, including the contribution
due to noncommutativity, will be:
(2.18)δφtotal = δφ0 + δφNCθ ,
where δφ0 = eh¯c
∮
dr · A= e
h¯c
∫ B · d S = e
h¯c
Φ (Φ be-
ing the magnetic flux through the surface bounded by
the closed path) is the usual (commutative) phase shift
and
(2.19)
δφNCθ =
em
4h¯2c
θ ·
∮
dxi
[(v × ∇Ai)
− e
mc
( A× ∇Ai)
]
represents the noncommutative corrections.4
For a finite-radius solenoid, the vector potential A
entering (2.17)–(2.19) is given by:
(2.20)A= 1
2
B
ρ2
r
n, r > ρ,
where B is the constant magnetic field inside the
solenoid, ρ is the radius of the solenoid and n is the
unit vector orthogonal to r .
The expression for the correction δφNCθ to the usual
Aharonov–Bohm phase due to noncommutativity can
be explicitly obtained from (2.19) and (2.20). In
an analogous way as in the usual Aharonov–Bohm
case [12], the calculation can be done by taking the
closed classical path (what is valid according to the
experimental setup), which starts from the source and
reaches the point on the screen by passing through one
of the two slits and returns to the source point through
the other slit.
An estimation for the upper bound on the para-
meter of noncommutativity θ can be made using the
available experimental data on the Aharonov–Bohm
effect [13]. For the purpose of this estimation, we took
θ along the magnetic field of the solenoid, for in this
case the effect is the largest; the integration path was
taken to be circular, although this is not significant and
the result would be general. Then, the contribution to
the shift coming from noncommutativity, relative to
4 After our work had appeared in the hep archive, similar results
were presented in [16].
the usual shift of phase, will be:
(2.21)δφ
NC
θ
δφ0
∼ θ
λeR
v
c
− δφ0 θ
S
,
where R is the radius of the approximate path, S =
πR2 is the area of the surface bounded by the closed
path and λe is the Compton wavelength of the electron.
We should point out the fact that, comparing the two
terms of the noncommutative correction, it appears
that the energy-dependent term prevails over the other
one (by 5 orders of magnitude). Fitting the ratio (2.21)
into the accuracy bound of the experiment [13], we
obtain:
(2.22)
√
θ  106 GeV−1,
which corresponds to a relatively large scale of 1 Å.
Such a value emerges due to the large error of 20%
in the experimental test [13] of the Aharonov–Bohm
effect.
3. Concluding remarks
In this work we have studied the Aharonov–Bohm
effect for the noncommutative case. In order to obtain
the transition amplitudes, and hence finding the shift
in the interference pattern, we worked out the path
integral formulation. Using this formulation we have
also required the transition amplitudes to be invariant
under the noncommutative gauge transformations. In
this way we have found the result in the quasi-
classical approach up to first order in θ . However,
besides the quasi-classical result one can solve the
Schrödinger equation for this case explicitly, though
for the operator valued wave functions [17].
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